. LINEAR PREDICTION

Week 4 ELE 774 - Adaptive Signal Processing

Linear Prediction

m Problem:
O Forward Prediction
= Observing
[ u(n—1), u(n—2), -+, uln—M)]
= Predict

il

O Backward Prediction

= Observing
[ w(n), uwn—1), ---, un—M+1)]
= Predict
i(n — M|Ys)
Week 4 ELE 774 - Adaptive Signal Processing
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Forward Linear Prediction
m Problem:
O Forward Prediction
= Observing the past
[ u(n—l), u(n—2), T u(n—j\f) ]
= Predict the future A
(n|Up-1)
= i.e. find the predictor filter taps w; 4, W;,,...,W;
u(n) [ - U] =2 | we o MAD P ue - )
LS. L] l L
M ® - ®
?
o R © 5 @u(nlmn-l)
M
W(n|ln—1) = > g Wi puln — k)
Week 4 ELE 774 - Adaptive Signal Processing 3
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Forward Linear Prediction

m Use Wiener filter theory to calculate wy
m Desired signal
d(n) = u(n)

m Then forward prediction error is (for predictor order M)

frr(n) = u(n) — @(njln-1)
m Let minimum mean-square prediction error be

Py = E{|fm(n)[*}, Vn

Week 4 ELE 774 - Adaptive Signal Processing 4
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u(n) m "("‘”ljl u(n — 2) mu(n-»{u)

One-step predictor

u(n) u(n — 1) ,—I u(n — 2)

Prediction-error
filter

n

) i

Predictor
of order M

Prediction-error filter 5

(©

00
Forward Linear Prediction

m A structure similar to Wiener filter, same approach can be used.
m For the input vector
un—1)=[un-1) un-2) - un-(M)]"
with the autocorrelation

R = Ef{un—1uf(n-1)}
r(0) r(1) s r(M—1)
B (1) r(0) ce (M —2)
M =1) #(M=2) - (0)
m Find the filter taps
Wi = [ wgy1 Wga o WEM ]T

where the cross-correlation bw. the filter input and the desired

response is r = E{u(n—l)

r*(1) r(—1)
r*(2) r(—2)
(M) r(—M)
Week 4 ELE 774 - Adaptive Signal Processing 6
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Forward Linear Prediction

m Solving the Wiener-Hopf equations, we obtain

Rwy=r

m and the minimum forward-prediction error power becomes

PM = ?"(0) — erf

= In summary,

TABLE 3.1 Summary of Wiener Filter Variables

Forward Backward

Wiener filter predictor predictor
Quantity of Fig. 2.4 of Fig. 3.1(a) of Fig. 3.2(a)
Tap-input vector u(n) u(n - 1) u(n)
Desired response d(n) u(n) u(n — M)
Tap-weight vector w, Wy W,
Estimation error e(n) fu(n) by(n)
Correlation matrix of tap inputs R R R
Cross-correlation vector between P r P

tap inputs and desired response ’

Minimum mean-square error T in Py Py

" J
Relation bw. Linear Prediction and AR Modelling

m Note that the Wiener-Hopf equations for a linear predictor is
mathematically identical with the Yule-Walker equations for the
model of an AR process.

m |f AR model order M is known, model parameters can be found by
using a forward linear predictor of order M.

m [f the process is not AR, predictor provides an (AR) model
approximation of order M of the process.

Week 4 ELE 774 - Adaptive Signal Processing 8
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Forward Prediction-Error Filter
m We wrote that
fau(n) =u(n) — a(n|ihy—1)
m Let
(1, k=0
Mk = 7wf,k1 k= 1727“'1M
m Then
fu(n) = chw:o a?w,k“(n —k)
r T T 1
"("U 1| | Predictor |fM(n)
I >z of order M s
| *
} [
| |
i |
___________________ ]
Prediction-error filter
Week 4 ELE 774 - Adaptive Signal Processing 9

" JE
Augmented Wiener-Hopf Eqn.s for Forward
Prediction

m Let us combine the forward prediction filter and forward prediction-
error power equations in a single matrix expression, i.e.

RWf:r and PA/[:T(O)—I‘HWf

BEIIEANE

m Define the forward prediction-error filter vector

1
am = [ —wy ] Augmented Wiener-Hopf Eqn.s
of a forward prediction-error filter

= Then

of order M.
PM M PM 1=0
Ryrpiay = or |2 1—o arrar(l — i) = B
0 2i=o G, ) 0, i=1,2,---,M
Week 4 ELE 774 - Adaptive Signal Processing 10




Example — Forward Predictor (order M=1)

m For a forward predictor of order M=1
r0) r(1) |[a0] _[ P
?"*(1) T'(O) aj, 0

a0 = %_T(O) and a1 = %_r*(l)

m Then

where
A, = det(R) = r2(0) — |r(1)[?

m Buta, =1, then

_ A,
P =%
__rm
a’l,l - T(O)
Week 4 ELE 774 - Adaptive Signal Processing
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Backward Linear Prediction

m Problem:
O Forward Prediction
= Observing the future
[u(n), w(n—1), -, u(n—(M-1) |
= Predict the past
a(n — M|Uy,)
= i.e. find the predictor filter taps W, 5, Wy, 5,..., Wy, s
u(n

) ) ’T‘ "(n._ 1) . u(n—.}u-i-l)__Eu_(In;M}
o
‘\ZJ cee

(n — M|U,) = E,{v":l wy pu(n —k+ 1)

Week 4 ELE 774 - Adaptive Signal Processing
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Backward Linear Prediction

m Desired signal
d(n) = u(n — M)
m  Then backward prediction error is (for predictor order M)
by (n) =uln — M) —a(n — M|Uy,)
m et minimum-mean square prediction error be
PM = E{|bM(n)|2}, n

Week 4 ELE 774 - Adaptive Signal Processing 13

]
Backward Linear Prediction
= Problem:
m For the input vector
u(n)=[ u(n) wn-1) - wn-(M-1)]"

with the autocorrelation

R = Ef{un—1uf(n-1)}
r(0) r(1) cee (M —1)
B (1) r(0) s (M —2)
r*(]\[ -1) T*(Aﬁ; -2) - T(O)

m Find the filter taps
Wy = [ Wp,1 Wh2 -+ WhM ]T
where the cross-correlation bw. the filter input and the desired
response is B — E{u(n)u'@
r(M)
r(M —1)

r (.l )

Week 4 ELE 774 - Adaptive Signal Processing 14
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Backward Linear Prediction

Solving the Wiener-Hopf equations, we obtain
Bx

Rwy,=r

and the minimum forward-prediction error power becomes

PM = T(U) — rBwa

In summary,

TABLE 3.1 Summary of Wiener Filter Variables

Forward Backward

Wiener filter predictor predictor
Quantity of Fig. 2.4 of Fig. 3.1(a) of Fig. 3.2(a)
Tap-input vector u(n) u(n - 1) u(n)
Desired response d(n) u(n) u(n — M)
Tap-weight vector w, Wy W,
Estimation error e(n) fu(n) by(n)
Correlation matrix of tap inputs R R R
Cross-correlation vector between P r P

tap inputs and desired response ’

Minimum mean-square error T in Py Py

" JEE
Relations bw. Forward and Backward Predictors
m  Compare the Wiener-Hopf eqn.s for both cases (R and r are same)

?
Rw, =r?* «—» Rwy=r

order

reversal
H _
R” = wa* =r

Bx

RTW(‘,B =r*
complex
conjugate
RHWE* =r —p
Pag = 1(0) —PM — 1(0) — rhwpB* — Py = r(0) @

Week 4 ELE 774 - Adaptive Signal Processing 16
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Backward Prediction-Error Filter

m We wrote that
bar(n) =uln — M) — a(n — M|Uy,)

CM.k = 7wb,k+15 kZO,l,...’Mil
L, k=M

bar(n) = St iy p(n — k)

m Let

= Then

but wé found that

i* e —
Wp M—kt1 = Wik k=12, M
WbB* =wy —» or
W,k :’w}’MikJrl, k=1,2,--- M
—w} k=0,1,---,M —1
— M-k ) 4y y o _
C“’ka—{ T Y = g k=01, M
)
Then
ba(n) = Zk o am,M—ku(n — k)
Week 4 ELE 774 - Adaptive Signal Processing 17

Backward Prediction-Error Filter

u(n) u(n — 1)|—| uln = 2)

zl

fu(n ZA 0 @ p(n — k)

forward prediction-error filter

g~ 1) u(n = M + 1) ] utn - 20
. ,-

M
ba(n) =Y p—o amm—ku(n — k) (D o
backward prediction-error filter
badn)

m For stationary inputs, we may change a forward predlctlon error fllter
into the corresponding backward prediction-error filter by reversing
the order of the sequence and taking the complex conjugation of
them.

Week 4 ELE 774 - Adaptive Signal Processing 18

06/10/2015



" J
Augmented Wiener-Hopf Eqn.s for Backward

Prediction

Let us combine the backward prediction filter and backward
prediction-error power equations in a single matrix expression, i.e.

n Rw; = rB* Py =7(0) —rBTw,

EEIndEre

With the definition

Augmented Wiener-Hopf Eqn.s
s Then of a backward prediction-error filter

of order M.

N 0 M . , )
" Ryay) = [ Py } ZI:OGM,M—l'r(l — 1) 2{ Py, i=M

0, i=0---,M—1

Week 4 ELE 774 - Adaptive Signal Processing
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" JEE
Levinson-Durbin Algorithm

m  Solve the following Wiener-Hopf eqgn.s to find the predictor coef.s

Rw; = rB*

Rwy=r
m  One-shot solution can have high computation complexity.
m Instead, use an (order)-recursive algorithm

O Levinson-Durbin Algorithm.

O Start with a first-order (m=1) predictor and at each iteration
increase the order of the predictor by one up to (m=M).

O Huge savings in computational complexity and storage.

Week 4 ELE 774 - Adaptive Signal Processing
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Levinson-Durbin Algorithm

m Let the forward prediction error filter of order m be represented by
the (m+1)x1

apm
and its order reversed and complex conjugated version (backward
prediction error filter) be B
ay
m The forward-prediction error filter can be order-updated by
o Am—1 *
Ay = 0 + Em arB;ztl Ul = Om—1,0 + EmGp, g py s {=0,1,---,m
m  The backward-prediction error filter can be order-updated by
ap” = [ aBO* ] + Em [ aW(L)_1 gyt = Oyt et T B @m—1,1, L = 0,1,---,m
m—1

where the constant k,, is called the reflection coefficient.

Week 4 ELE 774 - Adaptive Signal Processing 21

"
Levinson-Durbin Recursion

m How to calculate a,, and k,?

m Start with the relation bw. correlation matrix R,,., and the forward-
error prediction filter a,,.

indicates order
AT
_ O
indicates dim. of matrix/vector

m  We have seen how to partition the correlation matrix

R .. | " | _[ R ot
m—+1 o Rm 1,_.BT T‘(O)

m

Week 4 ELE 774 - Adaptive Signal Processing 22
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Levinson-Durbin Recursion

= Multiply the order-update eqn. by R,,,,1 from the left

Am—1 0
Rm+lam = Rm+l |: 0 :| + fimRm+1 [ aB*

m—1

@ @

m Term 1:

Ay —1 Rm rfp,* A —1
Rm+1 0 = BT T(O) 0

m

R?nam—l
BT
rm Ay —1

|

but we know that (augmented Wiener-Hopf eqn.s)
Rmamfl = |: Rn_l :H

Om—l
m Then
A1 -Pm,— 1 BT
Rm+1 |: 0 } = Om—l Arn—l =T, An-1
Am -1
Week 4 ELE 774 - Adaptive signal Processing 23

Levinson-Durbin Recursion

m Term 2:
H H_B=x
R 11 BO — T(O) ' BO rmarréfl
T -
awztl T'm RTH am.il ]':{‘Wla'n;i 1

but we know that (augmented Wiener-Hopf eqn.s)

Om—1
R aB* — m
mm—1 Pm— 1

m Then -
0 Amfl BT
l?‘m+1 Bx = 01n—1 where Am— 1= rm, A1
Am_1 P
m—1
Week 4 ELE 774 - Adaptive Signal Processing 24
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Levinson-Durbin Recursion

Am—1

0
Rm+lam = Rrrz+i |: 0 :| + F‘:‘HLRM-FI [ aB* . :|
m—
-P’m—l A;1—1
|: Om :| = Om—l + Km Om—l
m Am —1 Pm. -1

m Then we have
O from the first line P . )
= _ — |k
-Pm =P, + ﬁ”l-A':‘!,—l m m 1( | ml )
As iterations increase

P, decreases
Koy = _JAJm.—l Py = T(O)
0<PL<Ph,m2>1

O from the last line

m=1

Week 4 ELE 774 - Adaptive Signal Processing 25

Levinson-Durbin Recursion - Interpretations

P, = mfl(l - |K’m.|2) —> IJ@D: Fy ]._.[:::1(1 - |"5m|2)

final value of the prediction error power

m K, reflection coef.s due to the analogy with the reflection coef.s
corresponding to the boundary bw. two sections in transmission lines

|km| <1, Vm and| £, = @mm

m The parameter A, represents the crosscorrelation bw. the forward
prediction error and the delayed backward prediction error

Apq1=FE{bp_1(n—1)ff_1(n)}  HW: Prove this!

m Since fy(n)= by(n)= u(n)
Ay E{bo(n —1)f5(n)}
= E{u(n—1)u*(n)}

= (=) =)

Week 4 ELE 774 - Adaptive Signal Processing 26
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Application of the Levinson-Durbin Algorithm

m Find the forward prediction error filter coef.s a,, ,, given the

autocorrelation sequence {r(0), r(1), r(2)}

_ Am,0 = 1
x m=0 Ayt =18Ta,
agp,0 = l, Pg = T(O) Ay
Em = —p = Qmm
[} m:1 m=—1 «
aio= 1 Am,l = Am—1,l + Ky 1,m—1
Bo = Tg_l) r(=1) P = ""*1(1 - |’5m‘2)
K1L=—F = S0 = a1l
2
Py = Py(1 — [kq]2) = r(0 (1——1’,.(‘“)
- m=M=2 ( ‘ | ) ( ) rz(())
a2,0 = 1,
A]. = a 0T(—2)+G,1 17‘(—1)
r(—=2) + kir(—1)
— 2 Tz(—l)
. (=2 - 5@
Ky = —p =azz2
Py = PRIy (1 — k)
Week 4 ELE 774 - Adaptive Signal Processing 27
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Properties of the prediction error filters
m Property 1: There is a one-to-one correspondence bw. the two sets

of quantities {P,, K4, K5, ... ,Kp} @nd {r(0), r(1), ..., r(M)}.
O If one set is known the other can directly be computed by:

_ 1 m—1
K = =g S0 G g (k — m)
and
m—1
r(m) = —fy, Pno1 — Z};:l am—l,kT(m — k)
Week 4 ELE 774 - Adaptive Signal Processing 28
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Properties of the prediction error filters

m Property 2a: Transfer function of a forward prediction error filter
{a:‘n.k} - erm(z Zk 0 %, Az —*

m Utilizing Levinson-Durbin recursion @m, = Gm-1,0 + KmGy, _q p

Hf,'rr'z(z) = Z[» =0 a,, 1kz +I{:sz [)a"m 1.m— szk

m—1 k m—1 —k
= k=0 a:n—l,kz +"£'m k=0 dm—-1m—-1—k%

but we also have / l

m —k m
Hf,m—l( ) k=0 Cm—1,k% Hb,m—l( ) - oam 1,m—1—k%

m Then

Hf.m(z) = Hf,mfl(z) + K:LZ_IHb.mfl(z)

Week 4 ELE 774 - Adaptive Signal Processing 29

—k

"
Properties of the prediction error filters

m Property 2b: Transfer function of a backward prediction error filter

{ mm k}_)Hbm Zk =0 Cm,m—k? "

m Utilizing Levinson-Durbin recursion @y, ,,—; = Gy, 1 -t + FmGm—1,1

Hb,m(z) = Z_le,mfl(z) + E;anf.mfl(z)

m  Given the reflection coef.s k,, and the transfer functions of the
forward and backward prediction-error filters of order m-1, we can
uniquely calculate the corresponding transfer functions for the
forward and backward prediction error filters of order m.

Week 4 ELE 774 - Adaptive Signal Processing 30
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Properties of the prediction error filters

m  Property 3: Both the forward and backward prediction error filters have the
same magnitude response

|Hfm(z)‘ = ‘Hb.m(z)‘, z = elw

m  Property 4: Forward prediction-error filter is minimum-phase.
O causal and has stable inverse.

m  Property 5: Backward prediction-error filter is maximum-phase.
O non-causal and has unstable inverse.

Week 4 ELE 774 - Adaptive Signal Processing 31

Properties of the prediction error filters

u(n)

m Property 6: Forward '

pre.dict_ion-t_arror filteris a analysis
whitening filter. filter

O We have seen that a
forward prediction-error
filter can estimate an
AR model (analysis
filter).

synthesis
filter

Week 4 ELE 774 - Adaptive Si
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Properties of the prediction error filters

m Property 7: Backward prediction errors are orthogonal to each
other.

P, i=m

E{bpn(n)bi(n)} = { 0, i<m

(b;(n), Vi are white)

m Proof: Comes from principle of orthogonality, i.e.:
E{bp(n)u*(n—k)}=0,0<k<m-—1

(HW: continue the proof)

Week 4 ELE 774 - Adaptive Signal Processing
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Lattice Predictors

m A very efficient structure to implement the forward/backward
predictors.

m Rewrite the prediction error filter coef.s

m— 0
=[5 [,

0 -
aB* :|+Hm[an101:|

m—1

B __
a, =

m The input signal to the predictors {u(n), n(n-1),...,u(n-M)} can be
stacked into a vector

s (n) = [ UE’T;"_(% ] = [ ut(tq(ﬁ 0 ]

m  Then the output of the predictors are

fm ('I’L) = aﬁum-l-l(n) bm(n) = aﬁ* Upp+1 (’i’L)
(forward) (backward)
Week 4 ELE 774 - Adaptive Signal Processing
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Lattice Predictors

Forward prediction-error filter
a,,_ 0
) = 1) 2 = | P ||
First term
u'”’l. n
[ aﬁﬁl | 0 ] [u—()] = a;rr{—lum{n)

(n —m)
fm— 1 (n)

Second term
[ 0 | aBT u(n)

w0 [ty

Combine both terms
fm(n) = fm—l(n) + erthPl—l(n - 1)

= aﬁ*_lum(n —-1)

= bmfl(n - 1)

Week 4 ELE 774 - Adaptive Signal Processing 35

Lattice Predictors

Similarly, Backward prediction-error filter

bun(n) = 2B w1 (n) G—— aﬁ*[aé}_ 1 }w[a”a‘l]
m First term
01027y ] || = atun(n-)
= bp-1(n—1)
m Second term
Lol 0] |[elhe] = all o)
= fm-1(n)

Combine both terms
bm (’J’L) = b’m,—].(n - 1) + K/mfm—l(n)

Week 4 ELE 774 - Adaptive Signal Processing 36
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Lattice Predictors
m Forward and backward prediction-error filters
fm(n) = frm—1(n) + £5,bym—1(n — 1)
bin(n) = bn—1(n = 1) + K frn—1(n)

=L ey ]

in matrix form

and
bm~1(n - ]-) = z_lb'm—l(n)
Jn-1() . () Iu()
Last two equations define the m-th o
stage of the lattice predictor
Week 4 ELE’ ) Lr_'l_l ‘ @fb.,m

" JE
Lattice Predictors
m For m=0 we have fo(n) = by(n) = u(n), hence for M stages
fm(n) = fn—1(n) + KX bpm_1(n—1)
by (n) = bm—1(n — 1) + K frn—1(n)

folm) filn) Tu-1(n)
u(m)
— 9
oo e m——p! z-! |
bo() by(n) By (n)
.
Y / — 'S
Si 1
tage ®) Stage M
Week 4 ELE 774 - Adaptive Signal Processing 38
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